Abstract. We demonstrate bi-chromatic adiabatic magnetic shell traps as a novel tool for matterwave interferometry. Using two strong RF fields, we dress the |1, −1 and |2, 1 states of Rubidium Bose-Einstein Condensates thus creating two independently controllable shell traps. This allows us to match the two traps and-using microwave pulses-create a state-dependent clock-type interferometer. Given the low horizontal confinement of the interferometer, the atoms can be made to spread out thus yielding a 2D sheet, which could be used in a direct imaging interferometer. This interferometer can be sensitive to spatially varying electric or magnetic fields, which could be DC, AC, RF fields or microwaves. We demonstrate that the trap-matching afforded by the independent control of the shell traps allows long coherence times which will result in highly sensitive imaging matterwave interferometers.
Atom interferometry is a rapidly maturing quantum technology both for fundamental experiments and for applications. It has been successfully used to measure the Newtonian constant [1] , and to put atom-interferometric constraints on dark energy [2] . Which path and delayed choice experiments have been carried out using atom interferometry [3, 4] . Atom interferometry may be used in tests for sub-gravitational forces on atoms arising from miniature source masses [5] and in the search for Ultralight Scalar Field Dark Matter [6] . Simple tests of the weak equivalence principle have been performed using atom interferometry [7] and there are proposals for space based extreme accuracy tests at the 10 −15 level [8] with current projections reaching 10 −18 . On the applied side, atom interferometers have been used in absolute gravimetry on a ship [9] and in space [10] . Most precision interferometers still operate in the freefall-regime, where, e.g. in the case of acceleration, the precision scales with the square of the interaction time. As a consequence, the most precise interferometers tend to become very tall, in some cases reaching ten or even one hundred meters in height [11] . Even larger interaction times are only possible in zero gravity on parabolic flights or in space [12] . There have been numerous attempts to miniaturize such systems, e.g. using shaken lattices [13] , partially trapped atoms interferometry with Sr [14] and coherent accelerations performed by the Bloch oscillations technique [15] . However, fully trapped atom interferometry in a simple magnetic system has remained elusive. Another aspect is imaging matterwave interferometry, where one uses matterwave interferometry in order to measure the spatial dependence of very minute forces. Examples of imaging interferometers include imaging microwave fields close to the trap [16] and the cold-atom scanning probe microscope [17] .
In this paper we demonstrate the basic ingredients for a fully trapped atom interferometer, where a sheet of atoms can be brought close to a surface to image any physical effect to which the trapped states are sensitive to: gravity, dipole forces, electrical fields, RF-and microwaves, etc. For this we use adiabatic potentials to create atomic clouds and BECs in a (quasi) 2D configuration: a strong RF-field dresses atoms in the presence of a magnetic quadrupole field thus creating a shell-shaped trap, where the atoms are confined to the surface of an axially symmetric oblate spheroid. Here, we show that by using bi-chromatic RF fields we can create adiabatic shell traps for both F = 1, m F = −1 and F = 2, m F = +1 and manipulate them independently. Here, F is the quantum number of the hyperfine state and m F 1 its magnetic hyperfine state.
This allows us to create two identical shell traps for the two states and then to couple them using microwave photons. This provides the ideal starting point for a 2D imaging interferometer: The low trapping frequency in the horizontal directions allows one to create an extended two-dimensional potential, which can act as an imaging sensor for minute fields and forces. We demonstrate that despite the difficulties of matching the two traps one can achieve long coherence times even in the presence of large background fluctuations, e.g. in the DC magnetic field, thus demonstrating the viability of a shelltrap imaging interferometer.
We begin by giving a background to the theory of the simple RF-dressed shell potentials in Sec. 1 and its bi-chromatic extension Sec. 2. We address the question of microwave based beam splitters in Sec. 3 and discuss the sources of dephasing and decoherence in Sec. 4. Finally in the conclusion (Sec 5) we also present some future applications.
The RF-dressed shell trap
We consider the case of a 87 Rb atom in the presence of a static quadrupole field B q (r) = α(xê x +yê y −2zê z ), where α is a magnetic quadrupole gradient and (ê x ,ê y ,ê z ) are the unit vectors. A homogeneous RF-field of arbitrary polarization B RF (t) and frequency ω RF is also applied. The Hamiltonian for weak fields |g F µ B B q (r)| hω hfs (where ω hfs is the hyperfine splitting frequency, and µ B is the Bohr magneton) reads:
where A hfs is the hyperfine constant of 87 Rb, I and J are the nuclear and electronic angular momentum operators, with g I and g J being their respective gyromagnetic ratios.
For weak magnetic fields, the total angular momentum F = I + J with eigenstates in a coupled basis |F, m F can be used instead of |I, m I , J, m J . For 87 Rb at the electronic ground state (I = 3/2, J = 1/2) there are two hyperfine subspaces with F = I ± 1/2, and hyperfine Zeeman sub-states given by m F = −F . . . 0 . . . F in each one. The total dimension is (2J + 1)(2I + 1) = 8. The total angular momentum gyromagnetic factor g F is (see [18] and references therein)
with g J = 2.002331 and g I = −0.000995. Eq. 2 results in different g F for F = 1, 2 (g 1 = −0.5018 and g 2 = 0.4998) [18] . Eq. 1 is generally solved and simplified by applying the Rotating Wave Approximation (RWA) and by using a dressed basis |F,m F , of the same dimension as |F, m F . The result, including gravity, is the adiabatic dressed potential [19] :
where s = g F /|g F | is the sign of g F , with s = −1 for F = 1 and s = +1 for F = 2. M is the atomic mass of 87 Rb and g is the earth's gravitational acceleration. The detuning of the RF from the resonance is
| is the Larmor frequency and ω F is the RF-frequency ω RF that dresses each manifold, i.e. ω 1 for F=1 and ω 2 for F=2. The Rabi coupling, Ω F (r), varies with the position and depends on the spin gyromagnetic ratio [20] . Please note, that the sign of g F determines which local polarization component of the RF couples the m F states, i.e. for the absorption of one rf-photon (∆m F = +1) one requires σ − for the F = 1 and σ + for the F = 2 state. Since the F = 1 and F = 2 manifolds are interacting with mutually orthogonal RF-polarizations, they can be addressed entirely independently. A circularly polarized RF-field in the laboratory frame can be written as:
Each sense of rotation, specified with s = ±1 and defined with respect to the symmetry axis of the quadrupole field, couples atoms to either of the F manifolds. The local coupling with respect to the spatially dependent quantization axis defined by the direction of B q (r) is:
wherehΩ RF = |g F |µ B B RF is the maximum Rabi frequency (note that all axes have an origin at the zero of the quadrupole field). The resulting potential is an iso-magnetic surface defined by the resonance of ω F and B q (r) [21] . Trapping requires low-fieldseekers, i.e. states with g F m F > 0, when γ = M g 2m F g F µ B α < 1 [22] . The trapping frequencies close to the trap center are:
where:
is the vertical position of the trap. The values of γ for the the spin states |1,m F = −1 and |2,m F = 1 states differ only by a small amount, e.g. γ 1 /γ 2 = g 2 /g 1 ≈ 0.996. This small difference causes the two traps to have both different positions z 0 and trapping frequencies. Therefore, any superposition between the two states will dephase rapidly, thus severely limiting any interferometric measurement using these two states.
The Bi-chromatic Shell Trap
As stated above, the two manifolds F = 1 and F = 2 are dressed by RF-fields, which are mutually orthogonal and can have different frequencies and/or amplitudes. The mismatch of the traps can be overcome at least partially using bi-chromatic adiabatic potentials. The RF-dressing fields used in the bi-chromatic shell trap are composed of one σ − polarized field with (ω 1 , Ω 1 ) and one σ + polarized field with (ω 2 , Ω 2 ). They can be generated from rf-coils placed in the x-and y-direction with the linearly polarized fields as:
which results in two circularly polarised components at the position of the atoms when the amplitude of both frequency components at the RF-coils is the same. The traps for the two states have independently tunable position and trapping frequencies. Perfect matching would be achieved when the positions and both trapping frequencies are identical for both states at the same time. Unfortunately, this cannot be achieved simultaneously for both states, see Eqs. (6, 7, 8) . It is possible, however, to perfectly match z 0 and ω z and at the same time keep the difference in ω ρ very small. For a given α and by fixing the parameters for one trap (ω 1 and Ω 1 ), we can calculate the ones for the other: One can match ω r but only for asymptotically non-physical parameters, e.g. for very large RF-frequencies and for very small Rabi frequencies and quadrupole gradients.
The full analytic expression for the resulting radial frequency difference is too complex to be printed here. Fig. 1 shows the difference in radial frequencies ∆ω ρ /2π for a range of Rabi and RF frequencies assuming the matching conditions of Eq.(10). It is clear that the frequency difference decreases with increasing radio frequency (ω RF ) and decreasing gradient (α) and Rabi frequency (Ω RF ). We find, for example, that ∆ω ρ /2π can be as low as 10 mHz for Rabi frequencies of the order of 100 kHz, RF-frequencies of the order of 2.5MHz and gradients of the order of 20 Gpcm. Assuming only a single vibrational level is occupied, this implies a de-phasing time of the order of 10 s.
Microwave beam splitters for adiabatic potentials
In the atom interferometer based on the adiabatic traps [23] , beam splitters are microwave transitions between the clock states. This adds a term proportional to B MW (t) to the total magnetic field term in Eq. 1. The solution of this Hamiltonian for a weak MW-field that acts as a probe on the RF-dressed energy levels leads to inter-manifold transitions [24, 25, 26] on a spectrum of 7 groups (spaced by the RF-dressing frequency) of 5 transitions (spaced by the RF-dressing Rabi frequency), when the initial state is |F = 1,m F = −1 . These are given by the condition: transitions between |1, −1 → |2, 1 occur. Note that we have written this simplified formula for the case where both manifolds are dressed by Rabi frequencies of equal magnitude (see [25] for a detailed study). Concretely, the transition with n = 0, k = 0 is coincident with the hyperfine splitting [25] . In practice, this transition is shifted both by the non-linear dependence of the eigen-energies on the magnetic field and on the difference in magnitude of g 1 and g 2 . In addition, we find that the cross-coupling between B 2 (B 1 ) and F = 1 (F = 2) induced by the polarization defects results in a periodic modulation of the energy splitting that causes multi-photon transitions [27, 28] , and also time-averaged reshaping of the traps. In the ideal case, the bi-chromatic shell should exhibit the spectral response explained above, i.e. 7 peaks close to ω MW = ω hfs + nω RF . However, we observe a finite number of harmonics separated by ∆ω
We explain these multi-photon transitions with a semi-classical two-level toy model in Appendix C. In Section 2 we found an approximation for the ∆ω F that matches the shell traps of the two states. In practice, however, the exact matching is affected by non-linear Zeeman shifts and the experimental imperfections in the generation of the (RF-)field. In this section, we present a method to match the two traps experimentally by spectroscopic means: we choose a pair of frequencies ω 1 , ω 2 close to the prediction of Eqs. (10, 11) for α = 45 G/cm and Ω 1 /2π ≈ Ω 2 /2π ≈ 250 kHz (see Appendix Appendix B for an explanation of the sample preparation and trap loading). We then find the longest coherence times by measuring the line-width of the transition for different values of ∆ω F . To do this, we load the bi-chromatic shell trap for several pairs of ω 1 and ω 2 and then we fit Lorentzian curves to the number of atoms transferred to the upper state as we scan the microwave frequency ω MW /2π. By finding the combination of ω 1 and ω 2 that gives the minimum linewidth, we can thus match the two traps (see Fig. 2 a) ), at which point we observe a reduction in line-width by of the order of ×10 with respect to the mono-chromatic shell (measured elsewhere [25] ).
In the mono-chromatic shell trap we observe very fast decay curves and no Rabi oscillations, and a line width of ∆ν ≈ 1000 Hz. In contrast to this, in the bi-chromatic shell we measured a line-width of ∆ν ≈ 100 Hz for ∆t MW = 10 ms, and we observe Rabi oscillations with a decay time of > 10 ms. Fig. 2 b) shows an example of the Rabi oscillations in the bi-chromatic shell trap, with α = 50 G/cm, ω 1 /2π = 2.294336 MHz, ω 2 /2π = 2.285238 MHz and Ω 1 /2π ≈ Ω 2 /2π ≈ 270 kHz. In the figure, f 2 is the normalized atom number in the dressed |2, 1 state. We fit the data to the the following function f 2 = f o,2 + (f s,2 /2) 1 − e −t/τ cos (Ω MW t mw ) . In this equation, Ω MW is the MW driving field Rabi frequency in the RF-dressed TLS, and τ is the decay time of the Rabi oscillations amplitude for this transition. A fit to the data in Fig. 2 b) yields Ω MW /2π = 146 ± 1 Hz and τ = 18 ± 2 ms. The term f 0 is an offset that accounts for atoms that are previously transferred to the |2, 1 due to an imperfect switching on of the MW radiation. The fields at ω 1 and ω 2 are produced from two separate two-channel sources and then mixed before the amplifiers that are connected to the RF-antennae in the x-and y-direction (see Appendix A). 
Dephasing and decoherence
The RF frequencies are generated with reference to an atomic clock and as such do not contribute to the dephasing. The energy levels of the atoms in the shell trap are insensitive to changes in the homogeneous DC-fields since their only effect is to move the center of the quadrupole trap. However, they are sensitive to fluctuations in the gradient of the quadrupole field and in the Rabi frequencies of the RF-fields, especially to the difference of the Rabi frequencies of the two states, i.e. ∆Ω = Ω 2 − Ω 1 . The transition is relatively insensitive to fluctuations in the Rabi frequency as long as ∆Ω remains stable. Fig. 3 a) shows the sensitivity of the transitions with respect to fluctuations of the magnetic gradient field. We write them as ∂∆E/∂α, where ∆E = V 2 − V 1 is the difference in energy between the two adiabatic potentials retrieved from Eq. 3, assuming the traps are matched in position and axial trapping frequency at all times following Eqs. (11, 10) . Clearly, this sensitivity increases with decreasing gradients. Fig. 3 b) shows the sensitivity of the transition on fluctuations in the difference of Rabi frequencies ∆Ω, again assuming that the traps are perfectly matched and that the fluctuations in the two RF-fields are uncorrelated. In this case, the sensitivity is smaller for lower quadrupole gradients α.
Sensitivity to homogeneous fields
Compared to other magnetically trapped atom-clock interferometers, the shell trap has the considerable advantage that homogeneous DC magnetic field fluctuations do not influence the transition, thus eliminating the need for DC magnetic shielding. The reason behind this is that the shell trap is based on a magnetic quadrupole field. Any homogeneous field simply shifts the trap center without affecting its trapping parameters. In order to check that this shift does not affect the trap, e.g. due to field inhomogeneities, we measured the clock frequencies of the dressed |1, −1 → |2, 1 transition (by finding the center of Lorentzian fits to the atomic population in the dressed |2, 1 after short pulses) for extreme variations in homogeneous background field (0 ≤ B z ≤ 3.5 G). For this we loaded a bi-chromatic shell with ω 1 /2π = 2.294336 MHz, ω 2 /2π = 2.285238 MHz, Ω 1 /2π ≈ Ω 2 /2π ≈ 240 kHz and α = 70 G/cm (see Appendix B). Then we drove the transition at n = 0, k = 0 (∆t MW = 2 ms) for various field strengths B z . Fig. 4 shows the detuning δω MW = (ω MW −ω MW )/2π, with the shaded yellow area corresponding to the confidence interval given by the statistical uncertainty of a linear fit to the data points. Hereω MW is the mean value of all measurements of the transition frequency ω MW /2π for different homogeneous fields B z . This agrees with the experimental observation that there is no shift in the transition frequency of |1,m F = −1 → |2,m F = 1 in the range from zero to 3.5 G. When we fit a linear slope to the set of data in Fig. 4 , we find a near zero slope (2 ± 10 Hz/G) and zero offset (4 ± 24 Hz).
Line shift with ∆Ω
We can estimate from Eq. 3 the line shift with the difference in Rabi frequency (∆Ω) under the assumption that the position of the two traps is matched. This shift becomes directly proportional to ∆Ω when the gradient is high (see Fig. 3 b) ). Fig. 5 shows the transition frequency δ MW = (ω MW − ω hfs )/2π for several ∆Ω. The Rabi frequencies had been previously calibrated by measuring the transitions induced by an additional weak RF-field [29] . To do this, we loaded a one-frequency shell trap at different RF-amplitudes and measured atomic transitions to untrapped states. Atomic transitions to untrapped states in this case occur at Ω RF and ω RF ± Ω RF . From here one can calibrate the RF-field amplitude. We also determined Ω 1 and Ω 2 from the frequency difference between transitions involving different number of RF photons (see The MW pulse lasted ∆t MW = 2 ms, much less than one Rabi cycle. We fit a linear slope to this data set and find it to be (2 ± 10) Hz/G, with an offset of (−4 ± 24) Hz. The yellow area represents the confidence interval given by the statistical uncertainty of the fit. Eq. 3). Initially, we set Ω 1 /2π ≈ Ω 2 /2π ≈ 370 kHz and α = 22 G/cm calculated from Eqs. (10, 11) , and subsequently fine-tuned the frequency difference to compensate for the non-linear effects and imperfections in the RF-generation. The final frequencies were ω 1 /2π = 2.267900 MHz and ω 2 /2π = 2.258910 MHz. The red line is a linear fit. Within the accuracy of the fit, the shift in angular transition frequency is equal to the shift in ∆Ω, which implies a sensitivity to the different amplitude of the driving field of 700 kHz/G. Note that, from Fig. 3 b) we would expect a slightly smaller line-shift at a gradient of α = 22 G/cm. However, in this experiment it is not clear that the traps are matched to the degree of precision that the calculation in Fig. 5 assumes. Moreover, we have not taken into account non-linear terms, which may not be negligible. In any case, this poses strict limits on the stability of the RF generation. For example, a coherence time of 1 s would require a stability of the RF magnetic field that defines ∆Ω of, at least, ∼ 10 −5 . Drifts in the gain of amplifiers or in the quality factor of resonators make such stability very hard to achieve in the case of linear polarization. In the case of the shell traps, though, this condition applies to the two circularly polarized fields of orthogonal polarization. Both are generated from the the same two pairs of Helmholtz coils and differ only slightly in frequency, with the polarization determined by the relative phase of the RF in the two coils. A change in any single coil or amplifier will cause a change in the polarization and amplitude of both RF components equally, thus considerably reducing its impact on the transition frequency.
Conclusions and Outlook
We introduced bi-chromatic adiabatic potentials as a novel system for guided/trapped atom interferometry. We introduced a simple model for the matching condition for the two shells and demonstrated a method of fine-tuning, which results in approximately an order of magnitude reduction in the line-width of the transition between the dressed states |1, −1 and |2, 1 of 87 Rb compared to the single frequency case. The resulting coherence of time of 20 ms has been achieved for a magnetically sensitive state, without any shielding or active stabilization of either DC or RF-fields. First calculations indicate that our set-up should be adapted for lower RF-frequencies and higher RF-amplitudes, both within reach experimentally. We expect that with proper care the current coherence time can be extended by one or two orders of magnitude. The demonstrated insensitivity of the transition to DC-fields at least up to 3 G allows one to move the shell simply by applying a homogeneous field. Applications will include an imaging atom-interferometric surface probe for DC and AC fields. For this, one would load a BEC into a large-diameter shell-trap, approach it to a surface, and image the spatial dependence of the atominterferometric sequence. Further theoretical and experimental work will be required for the shell trap to fulfill its potential, which will also serve as a testbed for TAAPbased guided atom interferometry [30, 23] . The non-linear nature of the magnetic field dependence on both DC and RF suggest the existence of a magic set of parameters for the bi-chromatic shell trap clock transition, where the dependence on the strength of the RF-fields vanish linearly.
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Appendix A. Radio-Frequency set-up for the bi-chromatic shell
The cell in the experiment is surrounded by three pairs of Helmholtz coils in theê x ,ê y andê z directions. These have been tuned with LC circuits to a resonance with Q ≈ 20 at ν ≈ 2.2 MHz. The desired RF-field consists of two circularly polarized components, at two different frequencies, with opposite handedness, as in Eq. 9. We feed each of the horizontal coils with the corresponding two-frequency component input, added from two function generators in separate power splitters. This is depicted in Fig. A1 . The frequency generation sources are a Rigol DG4162 for the parameters with subindex 1 and a a Rigol DG1062 for the parameters with subindex 2. The power splitters are a Minicircuits ZFRSC-42-S+ and ZFRSC-123-S+ and the amplifiers Minicircuits LZY-22+. The microwave source used to drive the hyperfine transitions is a Rhodes and Swartz SMB 100A. The microwave dipole antenna is home-made and tuned to the hyperfine line at 6.834 GHz. 
Appendix B. Trap loading
In a typical experiment (see Fig. B1 ), we routinely load the RF-dressed shell trap from a crossed-beam optical dipole trap , that delivers up to 2 · 10 5 condensed atoms in |1, −1 . To enter the dressed potential we first switch on a very weak quadrupole α < 15 G/cm, which is displaced with a bias field -of magnitude B z1 -in theê z direction. Afterwards we switch on B RF (RF-generation is described in Appendix A) and then slowly ramp down the bias field from B z1 → B z2 (∆t B z1 →B z2 = 400 ms) until the crossed dipole trap and the shell trap are overlapped. B z1 , B z2 are chosen according tohω 1 ≈ µ B |g 1 |B z2 = µ B |g 1 |B z1 /2. In the final step, we ramp down the dipole trap laser power (∆t transfer = 200 ms) and switch it off. We can load clouds without noticeable heating nor atom number loss. We have measured up to a 7 s long lifetime for a condensate and up to 80s lifetime (the vacuum lifetime is 2 min) for a T < 200 nK thermal cloud in the bi-chromatic shell trap. Trapping frequency measurements in both the mono-chromatic shell and the bi-chromatic shell, with similar experimental parameters, agree with Eqs. (6, 7) , being typically in the ranges: ω z /2π from 50 Hz to 300 Hz and ω ρ /2π from 8 Hz to 13 Hz. Figure B1 : Experimental sequence to load a shell trap, with a focus on three key parameters: the vertical bias field B z , the dipole laser power in the trap P D , and the quadrupole field gradient α. The light-green shadowed area indicates the duration of the RF-field radiation. The dark-turquoise shadowed area indicates the time when a MW pulse is switched on. Notice that the time duration of the latter is exaggerated for the readers' convenience. This figure illustrates the variation of these parameters from the onset of evaporation (where the solid red curve of P D begins its turn downwards) until right after a MW pulse is applied. Following this sequence, the atom cloud is detected via absorption imaging. At t ≈ 4.5 s the RF is switched on and the cloud is dressed with a sweep of the bias field. At this point, the quadrupole is very weak, and atoms are still trapped in the crossed dipole. Two slow consecutive ramps, first of α to a high gradient field, then of P D to zero, result in the atoms trapped in either a mono-chromatic or bi-chromatic shell trap (depending on the whether the RF-field follows Eq. 4 or Eq. 9, respectively). generation coils is sπ/2, but that the RF-field amplitudes in the two coils are not the same. Then, for a generic case, we have:
Now we can use that B = (B x + B y )/2 and ∆B = (B x − B y )/2 to write:
where one can readily see a counter-rotating component of amplitude ∆B. This will result in a total field with crossed components Ω 1,2 = |g F |µ B 2h
∆B B2 , where ∆B B1 = (B x1 − B y1 )/2 and ∆B B2 = (B x2 − B y2 )/2. We can now write the full magnetic field as: Figure C1 : An example of a multi-photon spectrum. Red dots indicate experimental measurements and the Black Dashed line is a fit to the data employing the result in Eq. C.11
where
B j . Notice that Ω 1,2 , Ω 2,1 are the crossed contributions from B 1 rf into F = 2 and from B 2 rf into F = 1. The static part of the Hamiltonian in Eq. 1 is:
) are projectors (operators) into the respective two subspaces with the standard definitions [31] . Here we have chosen a B DC that would correspond to the quadrupole field at z 0 . The time dependent part is H RF = FB RF (t). In the absence of a strong coupling between the hyperfine manifolds, and assuming that the atoms in the sub-states |F,m F follow adiabatically Eq. 3, we can calculate the time evolution in the state-dependent rotating frames resulting from the application of:
where we have assumed, for simplicity, that g 1 = −g 2 . We calculate the time evolution H = U † z (H 0 + H RF )U z − ihU † z δ t U z , after which we define ∆ = ω 1 − ω 2 , similarly to [29] . The resulting Hamiltonian is: For small Ω 2,1 , Ω 1,2 the time averaged potential resulting from Eq. C.7 is well approximated by Eq. 3. Notice however that we did not account for the spatial dependence of the quadrupole field, since we have assumed a homogeneous field aligned withê z , which is only a fair approximation for small clouds at the bottom of the trap. It is nonetheless illustrative enough to now develop this argument further by considering that any pair of |1,m F , |2,m F can be treated as a two level system coupled by a weak microwave field. Particularly, in this two-level atom picture, for small Ω 1,2 , Ω 2,1 , the difference in energy between |1, −1 and |2, 1 the two states will be modulated by:
∆Ω(t) = Ω 2 − Ω 1 + (Ω 2,1 − Ω 1,2 ) cos (∆t) (C.9) and now we can write the reduced matrix in a two-dimensional basis with |2, 1 → | ↑ and |1, −1 → | ↓ :
H m /h = ω hfs 2 + ∆Ω(t) 2 σ z + Ω MW cos (ω MW t)σ x (C.10)
where we have included a weak microwave link between the two states. This system is described in detail in [27] , from where we retrieve the general solution for the spectral response:
where Γ is the line-width of each transition, determined by all the involved decoherence processes, and δ = ω MW −ω RF , ∆ω = ω 1 −ω 2 . This expression corresponds to an infinite number of transitions centered at Ω RF and spaced by ∆ω with relative amplitudes given by the family of Bessel functions of the first kind with argument ξ = ∆Ω F,F +s /∆ω, where ∆Ω F,F +s = |Ω 1,2 − Ω 2,1 | is the amplitude of the energy splitting modulation. In the bi-chromatic shell spectrum, all 7 transitions corresponding to n = −3..., 0, ...3 will present this multi-photon resonance. Fig. C1 shows an example of a multi-photon spectrum measured in the bi-chromatic shell. We can fit the data, depicted in Red dots, to Eq. C.11 to find an modulation amplitude of the two levels eigenenergies of |Ω 2,1 − Ω 1,2 |/2π = 118 kHz and ∆/2π = 9098 Hz for Ω 1 /2π ≈ Ω 2 /2π = 123 kHz and ω 1 /2π = 2.294336 MHz and ω 2 /2π = 2.285238 MHz.
